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Abstract
It is introduced an analogue of the orbit-breaking subalgebra for the case of free
flows on locally compact metric spaces, which has a natural approximate structure
in terms of a fixed point and any nested sequence of central slices around this point.
It is shown that in the case of minimal flows admitting a compact Cantor central
slice, the resulting C˚-algebra is the stabilization of the Putnam orbit-breaking
subalgebra associated to the induced homeomorphism on the central slice.
Contents
1 Introduction 1
2 Local flowbox structures 2
3 Suspended minimal Cantor systems 6
3.1 Rokhlin towers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
3.2 The C˚-algebra associated to a Cantor flowbox structure . . . . . . . . . . 8
3.3 The K0-group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
4 Appendix 17
5 Acknowledgments 19
2010 Mathematics Subject Classification: 46L05, 46L55.
Keywords: C˚-algebras, crossed products of C˚-algebras.
1 Introduction
Ordered sequences of Rokhlyn type decompositions of a minimal Cantor system pX,φq
associated to a closed set Y Ă X give rise in a natural way to an AF -subalgebra AY of the
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transformation group C˚-algebra CpXq ¸φ Z ([8]). This is the orbit-breaking subalgebra,
as defined by Putnam. Under suitable assumptions on Y , it encodes the ordered K0-
group and the set of traces, through the natural embedding, and provides a concrete tight
AF -embedding for the ambient algebra. It is also used in order to prove AT -structure for
the crossed product C˚-algebra.
Such construction can be generalized to the case of minimal homeomorphisms on
compact metric spaces ([9, 10]). The resulting C˚-algebra is RSH in this situation. In
the case the space is finite-dimensional, this C˚-algebra has finite decomposition rank, a
condition that guarantees ASH-structure for the crossed product itself ([12]).
The problem of determining a good analogue of the orbit breaking subalgebra in the
case of actions of more general groups is open and a study of such C˚-algebras could bring
further achievements towards a better understanding of the structure of more general
transformation group C˚-algebras (Problem 12.7.4 and Problem 12.7.5 in [6]).
In the present paper it is given a dynamical presentation of the stabilization of the
orbit breaking subalgebra Ay associated to a minimal homeomorphism on the Cantor
set X and a point y P X as a C˚-subalgebra of the crossed product associated to the
suspended flow pX˜,Rq. It is well known that the transformation group C˚-algebra of the
suspended flow contains a copy of Ay b K, since CpXq ¸ Z and CpX˜q ¸ R are Morita
equivalent and the latter algebra is stable in the free case. The interest here is to give a
concrete presentation of Ay bK Ă CpX˜q ¸R as a C˚-algebra associated to the flow. We
begin by giving the construction of this C˚-algebra for general minimal flows on locally
compact metric spaces. We see that in the case X is a Cantor set, this C˚-algebra is AF
and its K0-group is order-isomorphic to the K0-group of the crossed product associated to
the suspended flow (or equivalently to the stabilization of the crossed product associated
to the original homeomorphism). The result then follows by Elliott classification of AF -
algebras ([5]).
2 Local flowbox structures
By a flow on a topological space we mean a continuous action of the additive group of
real numbers R.
Definition 2.1. Let X be a topological space and φ : R ñ X a flow. φ is free if there
are no periodic points. φ is minimal if the forward orbit of every point is dense in X.
In the following we will use part of the notation of [1]; in particular we will make
extensive use of the notion of flowboxes and central slices, that we recall
Definition 2.2 ([1] Definition 2.3, Definition 2.4). Let X be a topological space and
φ : RÑ AutpXq a flow on it. A flowbox for pX,φq is a compact subset B Ă X such that
there exists a real number l “ lB ą 0, called the length of the box B, with the property
that for every x P B there are real numbers a´pxq ď 0 ď a`pxq and pxq ą 0 satisfying
l “ a`pxq ´ a´pxq,
φtpxq P B for t P ra´pxq, a`pxqs,
φtpxq R B for t P pa´pxq ´ pxq, a´pxqq Y pa`pxq, a`pxq ` pxqq.
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The set
SB :“ tx P B | a´pxq ` a`pxq “ 0u
is called the central slice of B.
If B is a box, then the map
φB :SB ˆ r´l{2,`l{2s Ñ B
py, tq ÞÑ φtpyq (1)
is a homeomorphism ([1] Lemma 2.6 (iii)) and conversely, any compact S Ă X admitting
an l ą 0 such that the flow restricted to S ˆ r´l{2,`l{2s is an embedding, is the central
slice of a box (this was observed in [7] Remark 7.3.). We will usually drop the subscript
B in (1) and write φ “ φB when the flowbox B is clear from the context. The following
Lemma is an application of the constructions contained in Lemma 2.11 and Lemma 2.16
of [1].
Lemma 2.1. Let X be a locally compact metric space and φ : R ñ X a free flow. For
every point x P X there is a sequence of boxes tBnu with non-empty interior and with
associated central slices tSnu and lengths tlnu such that:
(i) Sn Ă Sn´1 XBn˝´1 for every i P N`,
(ii) for every L ą 0 there exists N P N such that ln ą L for every n ą N ,
(iii) Sn Ă B1{npxq for every n P N`,
(iv) for every n P N and 0 ă l ď ln, the box φpSnˆr´l{2,`l{2sq has non-empty interior,
(v) for every n P N and 0 ă η ă ln{2, there is a k ą n such that if L1 ď L2 are real
numbers with ´ln{2 ă L1 ´ η, L2 ` η ă ln{2, then
φpSk ˆ rL1, L2sq Ă pφpSn ˆ rL1 ´ η, L2 ` ηsqq˝. (2)
Proof. Let x P X. Let B0 “ φpS0 ˆ r´l{2,`l{2sq be the box around x constructed in
[1] Lemma 2.11. Note that for every r ą 0 the box φppS0 X Brpxqq ˆ r´l{2,`l{2sq has
non-empty interior. Let tlnunPN be a diverging sequence of positive real numbers with
l0 “ l. It follows from the proof of Lemma 2.16 of [1] that there is K P N such that for
every k ą K the set S0XB1{kpxq is the central slice of a flowbox with non-empty interior
of length l1; since B has non-empty interior, it is possible to choose such a k1 ą 1 in order
to obtain B1{k1pxq Ă B0˝ and so S0 XB1{k1pxq Ă S0 XB0˝ . We set S1 :“ S0 XB1{k1pxq and
B1 :“ φpS1ˆr´l1{2,`l1{2sq. Suppose now that we are given a natural number n ą 1 and
a flowbox of the form Bn “ φpSn ˆ r´ln{2,`ln{2sq with Sn “ S0 X B1{knpxq, kn ą n. As
above, we can find kn`1 ą n` 1 such that B1{kn`1pxq Ă Bn˝ and S0XB1{kn`1 is the central
slice of a flowbox with non-empty interior of length ln`1. The sequence of flowboxes so
obtained satisfies (i)-(iv); we need to prove (v). For let Sn be as above, η ą 0 be given
and L1 ă L2 be such that ´ln{2 ă L1´η, L2`η ă ln{2. From the construction it follows
that Sn is the central slice of a flowbox of the form φpSn ˆ r´η,`ηsq whose interior is
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non-empty and contains x. Hence there is k ą 0 such that B1{kpxq Ă pφpSnˆr´η,`ηsqq˝.
Then
φrL1,L2spB1{kpxq X Snq Ă φrL1,L2spB1{kpxqq Ă φrL1,L2spφppSn ˆ r´η,`ηsqq˝q
Ă pφrL1,L2spφpSn ˆ r´η,`ηsqqq˝ “ pφrL1´η,L2`ηspSnqq˝,
proving (v). l
Definition 2.3. Let X be a locally compact metric space, φ : R ñ X a free flow and
x P X. A flowbox structure (relative to the flow φ) around x is a sequence of boxes
B “ tBnu with non-empty interior which satisfies conditions (i)-(v) of Lemma 2.1 with
respect to x.
We recall the concept of suspension flow of a minimal homeomorphism, which gives
natural examples of flowbox structures.
Let S be a metric space, Φ P AutpSq a free homeomorphism and τ : S Ñ R` a strictly
positive continuous function. Define an equivalence relation on RˆS in the following way:
pt, xq „ ps, yq if there is n P Ną0 such that either y “ Φnpxq and t “ řn´1i“0 τpΦipxqq ` s or
x “ Φnpyq and s “ řn´1i“0 τpΦipyqq ` t. Let XpS,Φ,τq “ pRˆ Sq{ „. This is the suspension
of pS,Φq associated to the function τ . The space XpS,Φ,τq is a metric space (since S is,
cfr. [2] 4) and it admits a flow defined in the following way: let rt, xs P XpS,Φ,τq with
0 ď t ă τpxq and s P R. If 0 ď s ` t ă τpxq, let φsprt, xsq “ rt ` s, xs; if s ` t ě τpxq,
let k P N be uniquely given by the condition řk´1i“0 τpΦipxqq ď s ` t ă řki“0 τpΦipxqq and
define φsprt, xsq “ rt` s´řk´1i“0 τpΦipxqq,Φkpxqs; if t` s ă 0, let k be uniquely given by
the condition ´ř´1i“´k τpΦipxqq ď s ` t ă ´ř´1i“´k`1 τpΦ´1pxqq and define φsprt, xsq “
rs ` t ´ ř´1i“´k τpΦ´ipxqq,Φ´kpxqs. The space XpS,Φ,1q is sometimes called the mapping
torus associated to Φ.
Suppose now that we are given a compact metric space X endowed with a free minimal
flow and that there is a central slice S with non-empty interior such that the first return
map Φ :“ ΦS|S : S Ñ S is a homeomorphism. Denote by τ : S Ñ R` the first return
time. Since for every rt, xs P XpS,Φ,τq there is a unique representative ps, yq P RˆX, with
0 ď s ă τpyq, there is a well defined equivariant bijection ψ : XpS,Φ,τq Ñ X. Since the
map R ˆ S Ñ X is the composition of the quotient map p : R ˆ X Ñ XpS,Φ,τq with ψ,
it follows that ψ is continuous, hence a homeomorphism. This fact will be crucial in the
foregoing sections.
Remark 2.1. Let Y be an infinite compact metric space and r P AutpY q a free homeomor-
phism. Let X be the mapping torus associated to r, considered as a compact metric space
with the metric defined in [2], 4. By freeness, for every x P Y and diverging sequence
tlnu Ă R` there is a diverging sequence tkpnqu Ă N such that the sets BY 1{kpnqpyq are the
central slices of flowboxes of the form Bn “ φpBY 1{kpnqpyqˆr´ln{2,`ln{2sq. The sequence
B “ tBnu is a standard flowbox structure around y.
Let X be a locally compact metric space endowed with a free flow φ : R ñ X and
B “ tBn “ φpSn ˆ r´ln{2,`ln{2squ a standard flowbox structure around a point x¯ P X.
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For every n P N define
AnpBq :“ta P CcpR, CcpXqq | apsqpxq “ 0 @ x P X, s P R :
Dy P Sn, t P R with x “ φtpyq, 0 ď t ď s or s ď t ď 0u.
For every n P N, AnpBq is a ˚-algebra. Note that the dependence on the lengths of the
boxes does not appear in this definition, which actually works in much more generality.
The transversality condition on the central slices seems a reasonable assumption, since
R is 1-dimensional; freeness is a natural requirement too, as we shall see in the next
Proposition and the forthcomng sections. Denote by AnpBq the closure of AnpBq inside
CpXq ¸ R and by pCpXq ¸ Rq¸¯x pBq “ limnAnpBq. We will see in a moment that the
dependence on the particular flowbox structure can be removed in the definition of this
C˚-algebra.
Consider the ˚-algebra
Ax¯ :“ ta P CcpR, CcpXqq | apsqpφtpx¯qq “ 0 @0 ď t ď s, s ď t ď 0u.
Proposition 2.2. Let B be a standard flowbox structure around a point x¯ P X. Then
pC0pXq ¸ Rq¸x¯ :“ A´x¯ “ pC0pXq ¸ Rq¸x¯ pBq.
Proof. We only need to prove that Ax¯ Ă pCpXq ¸ Rq¸¯x . Let a P Ax¯. Denote by suppRpaq
the support of the continuous function a : RÑ C0pXq. Let X 1 Ă X compact, L ą 0 with
suppRpaq Ă r´L,`Ls, supppaptqq Ă X 1 for every t P R. Let  ą 0. We can view a as a
continuous function on r´L,`Ls ˆX 1.
Let φ˜ : R ñ R ˆ X be the flow defined as φ˜tpps, yqq “ ps, φtpyqq and let Y˜ “
pŤtPr0,`Lspt, φr0,tspxqq \ pŤtPr´L,0spt, φrt,0spxqqq Ă r´L,`Ls ˆX.
Consider the map Y : r´L,`Ls Ñ PcpXq, t ÞÑ Yt “ φr0,tspxq for t ě 0, t ÞÑ Yt “
φrt,0spxq for ´L ď t ď 0. Since the function r´L,`Ls ˆ X Ñ R, pr, xq ÞÑ dpx, φrpxqq is
continuous, it follows that for every γ ą 0 there is a δ ą 0 such that for s, t P r´L,`Ls,
with |s´ t| ă δ,
dHpYs, Ytq ď diampφ|s´t|pxqq ă γ.
Hence Y is continuous. By Lemma 4.1 Y˜ is closed in r´L,`Ls ˆ X and since it is
contained in the compact set r´L,`Ls ˆ φr´L,`Lspxq, it is compact. Since a vanishes on
Y˜ , it follows from Lemma 4.2 that there is η ą 0 such that |apsqpxq| ă {8L for every
ps, xq P φ˜r´η,`ηspY˜ q. In other words, |apsqpφtpxqq| ă {8L for every ´η ď t ď s` η, s ě 0
and s´ η ď t ď `η, s ď 0.
Since a is continuous on r´L,`Ls ˆ X 1, it is uniformly continuous and so there is
ρ ą 0 such that for every x P Y˜ , |apsqpyq| ă {4L for every y P Bρpxq, s as above. It
follows from Lemma 4.3 that there is m P N with associated box Bm of length greater
than 2L` 2η such that
|apsq|φpSmˆr0,t`ηsq ă {4L for every 0 ď t ď s ď `L,
|apsq|φpSmˆrt´η,0sq ă {4L for every ´ L ď s ď t ď 0.
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In virtue of Lemma 2.1 we can choose n ą m such that φpSn ˆ r0, tsq Ă φpSm ˆ
r´η, t ` ηsq˝ for every t P r0,`Ls and φpSn ˆ rt, 0sq Ă φpSm ˆ rt ´ η,`ηsq˝ for every
t P r´L, 0s. Let Y pnq : r´L,`Ls Ñ PcpXq, t ÞÑ Y pnqt “ φpSn ˆ r0, tsq for t P r0,`Ls,
t ÞÑ Y pnqt “ φpSn ˆ rt, 0sq for t P r´L, 0s. Arguing as above, using compactness of Sn, we
have that for every γ ą 0 there is a δ ą 0 such that for s, t P r´L,`Ls, with |s´ t| ă δ,
dHpY pnqs , Y pnqt q ď diampφ|s´t|pSnqq ă γ.
Hence Y pnq is continuous and Y˜ pnq :“ pŤtPr0,`Ls φpSnˆr0, tsqq\pŤtPr´L,0s φpSnˆrt, 0sqq Ă
r´L,`Ls ˆ φpSn ˆ r´L,`Lsq Ă r´L,`Ls ˆX is compact.
It is easy to see that the set U˜ pmq :“ pŤtPr0,`Lspt, φpSmˆr´η, t`ηsq˝qq\pŤtPr´L,0spt, φpSmˆ
rt´ η,`ηsq˝qq Ă r´L,`Ls ˆX is open.
Since Y˜ pnq Ă U˜ pmq and Y˜ pnq is compact, U˜ pmq is open, by normality of r´L,`Ls ˆX,
there is a continuous r0, 1s-valued function f which vanishes on Y˜ pnq and takes the value
1 on XzU˜ pmq. Let b :“ fa, where the product is intended to be the commutative product
on Cpr´L,`Ls ˆXq. Viewing b as an element of CcpR, CcpXqq, we have
}b´ a} ď }b´ a}1 “
ż `L
´L
sup
xPX
|bpsqpxq ´ apsqpxq|ds
“
ż `L
0
sup
xPφpSmˆr´η,s`ηsq
|bpsqpxq ´ apsqpxq|ds
`
ż 0
´L
sup
xPφpSmˆrs´η,`ηsq
|bpsqpxq ´ apsqpxq|ds
ď L ¨ 2p{4Lq ` L ¨ 2p{4Lq “ .
Since b belongs to AnpBq, the result follows. l
3 Suspended minimal Cantor systems
3.1 Rokhlin towers
If X is a locally compact space, φ : Rñ X is a free and minimal flow and S Ă X is the
central slice of a flowbox with non-empty interior, we denote the first arrive time to S by
τS : X Ñ R`, that is τSpxq “ mintt ą 0 | φtpxq P Su; the first return map ΦS : X Ñ S is
given by ΦSpxq “ φτSpxqpxq. This map is well-defined by minimality.
We focus now on the case of a free, minimal flow admitting a central slice that is a
Cantor space.
Lemma 3.1. Let φ : Rñ X be minimal flow and C Ă X be the central slice of a flowbox
B with non-empty interior. Suppose that C is a Cantor space and S, T, C 1 are clopen
subsets of C with S, T Ă C 1 Ă C X B˝. Suppose y P S is such that ΦC1pyq P T . Then
there is a clopen neighborhood V Ă S of y such that
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- the map V Ñ C 1, y ÞÑ ΦC1pyq has image contained in T (hence ΦC1 |V “ ΦT |V ) and
it is a homeomorphism with its image,
- the map V Ñ R`, y ÞÑ τC1pyq “ τT pyq is continuous,
Proof. In virtue of Lemma 4.5 there is l ą 0 such that φpC 1 ˆ r´l{2,`l{2sq Ă B˝. Let
y P S satisfy the hypothesis. Let U Ă φpT ˆ r´l{4,`l{4sq be an open set containing
ΦC1pyq (such an open set exists again in virtue of Lemma 4.5, since φpT ˆ p´l{4,`l{4qq
is a non-empty open set in B˝). By freeness the point y admits a clopen neighborhood
V Ă S such that φpV ˆ r´l{2´ τC1pyq,`l{2` τC1pyqsq is a box in X and φτC1 pyqpV q Ă U .
Let pT : φpT ˆ r´l{4,`l{4sq Ñ T be the projection map. The map V Ñ T defined as
y1 ÞÑ pT pφτC1 pyqpy1qq is continuous, being the composition of continuous maps.
Moreover, it is injective. In fact, suppose there are y1, y2 P V such that pT pφτC1 pyqpy1qq “
pT pφτC1 pyqpy2qq. Since both φτC1 pyqpy1q and φτC1 pyqpy2q belong to U , there are s1, s2 Pr´l{4,`l{4s and y¯ P T such that φτC1 pyqpy1q “ φs1py¯q and φτC1 pyqpy2q “ φs2py¯q. In particu-
lar φ´s1py1q “ φ´s2py2q and so y1 “ φs1´s2py2q. But s1 ´ s2 P r´l{2,`l{2s and so y1 “ y2
since they both belong to C 1.
Hence the map pT ˝ φτC1 pyq|V : V Ñ T is a homeomorphism with its image (since V is
compact).
It follows from Lemma 4.4 that, up to restricting to a smaller clopen set containing y,
we can suppose that φpV ˆrl{4, τC1pyq´ l{4sq has empty intersection with C 1. Let y1 P V .
Then φτC1 pyq´l{4py1q can be uniquely written as φspzq for s P r´l{2, 0s, z P C 1; moreover´s ` τC1pyq ´ l{4 “ τC1py1q. Since φτC1 pyqpy1q “ φl{4`spzq and l{4 ` s P r´l{4,`l{4s, it
follows that this is the unique way to write φτC1 pyqpy1q “ φtpz1q with t P r´l{4,`l{4s,
z1 P C 1. Since φτC1 pyqpy1q belongs to φpT ˆ r´l{4,`l{4sq, it follows that z P T and
pT pφτC1 pyqpy1qq “ z “ ΦC1py1q.
Hence pT pφτC1 pyqpy1qq “ ΦC1py1q “ φτC1 py1qpy1q for every y1 P V .
Let yi Ñ y¯ in V . By continuity of ΦC1 |V , φτC1 pyiqpyiq Ñ φτC1 py¯qpy¯q. Since the sequencetφτC1 pyiqpyiqu is contained in a flowbox, we can project continuously on R and obtain
τC1pyiq Ñ τC1py¯q. l
If B is a flowbox structure around a point x¯ P X with S1 a Cantor space, then we can
always replace B with a flowbox structure B1 in which Sn is a clopen subset of a central
slice S corresponding to a flowbox B with non-empty interior, such that Sn Ă S XB˝ for
every n P N. In this situation we will say that B1 is a Cantor flowbox structure.
As a consequence of Lemma 3.1 we have the following
Proposition 3.2. Let X be a compact metric space endowed with a free and minimal
flow. Suppose that X admits a Cantor central slice. Then it admits a Cantor flowbox
structure B “ tφpSn ˆ r´ln{2,`ln{2squnPN. For every n P N, the first return map Φn :“
ΦSn |Sn : Sn Ñ Sn is a homeomorphism and the first return time τn :“ τSn |Sn : Sn Ñ R` is
continuous; in particular it admits strictly positive maximum and minimum. The original
flow is a suspension flow over pSn,Φnq.
Proof. Let n P N. Take S “ T “ Sn in Lemma 3.1. Since Sn is closed and the flow is
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minimal, ΦnpSnq “ Sn. Lemma 3.1 implies that Φn is continuous. Since the flow is free,
it follows from the definition of the map Φn that it is injective. l
From now on we fix a compact metric space X endowed with a free minimal flow
admitting a Cantor central slice S. We keep the notation of Proposition 3.2.
By freeness, given a Cantor flowbox structure, we can replace it with a Cantor flowbox
structure satisfying Φ´1n pSn`1q X Sn`1 “ H for every n P N. This hypothesis will be
assumed in the sequel.
As in [8], we consider Rokhlin type decompositions of Sn relative to the embedding
Sn`1 Ă Sn. Namely, let Jn`1,n Ă N` be the finite set τSn`1pSn`1q ´ 1 Ă N`; for j P Jn`1,n
let the floors of the Rokhlin decomposition be the sets F
pkq
n`1,j :“ Φknpτ´1Sn`1pjqq, 0 ď k ď j.
For j P Jn`1,n the set T pjqn`1,n :“
Ů
0ďkďj F
pkq
n`1,j is the Rokhlin tower with height j. Then
Sn “ ŮjPJn`1,n T pjqn`1,n “ ŮjPJn`1,n Ů0ďkďj F pkqn`1,j.
3.2 The C˚-algebra associated to a Cantor flowbox structure
We keep the notation of the previous sections. Again, we fix a compact metric space X
endowed with a free minimal flow and admitting a Cantor central slice S. We fix a Cantor
flowbox structure B “ tφpSn ˆ r´ln{2,`ln{2squnPN around a point x¯ P S. In this section
we will provide a manageable description of the C˚-algebra pCpXq ¸ Rq¸¯x , which will be
used in the forthcoming section in order to compute the ordered K0-group of this C
˚-
algebra. In fact, this C˚-algebra is an inductive limit of trivial fields of compact operators
over the central slices. The information about the return times appear in the connecting
morphisms.
Proposition 3.3. Let B be a Cantor flowbox structure around a point x¯ P X. For every
n P N we have AnpBq » CpSn,Kq.
Proof. We begin by showing that for every n P N AnpBq admits a dense ˚-embedding in
CpSn,Kq. Fix n P N. For the sake of simplicity, throughout the proof, we will write ty in
place of τSnpyq for y P Sn.
Fix n P N. Let f P AnpBq and define
Kn,f py, s, tq :“ tyfptypt´ sqqpφtytpyqq, y P Sn, s, t P r0, 1s.
Kn,f is (pointwise) the kernel of a convolution operator K˜n,f belonging to CpSn,KpL2pr0, 1sqqq.
Explicitly, its action on an element ξ P L2pSn, L2pr0, 1sqq is given by
K˜n,fξpy, tq “
ż 1
0
Kn,f py, s, tqξpy, sqds.
Let
pinpfq :“ K˜n,f .
If s “ 0, fptytqpφtytpyqq “ 0 for every t P r0, 1s. If s “ 1, then fptypt ´ 1qqpφtytpyqq “
fptypt´1qqpφtypt´1qpφtypyqq “ 0 for every t P r0, 1s, since φtypyq belongs to Sn. It t P t0, 1u,
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then fptypt ´ sqqpφtytpyqq “ 0 for every s P r0, 1s since in these cases φtytpyq belongs to
Sn. Hence Kn,f belongs to CpSn, C0pp0, 1qˆp0, 1qqq, which, viewed as a set of convolution
operators, is dense in CpSn,KpL2pr0, 1sqq, since C0pp0, 1qq is dense in L2pr0, 1sq.
First we check that pin is an algebraic ˚-homomorphism. Note that, for f, g P AnpBq,
y P Sn, s, t P r0, 1s, we have
pKn,fKn,gqpy, s, tq “
ż 1
0
Kn,f py, r, tqKn,gpy, s, rqdr “ t2y
ż 1
0
fptypt´rqqpφtytpyqqgptypr´sqqpφtyrpyqqdr,
which equals Kn,fgpy, s, tq. Moreover, K˜n˚,f has convolution kernel K 1 given by K 1py, s, tq “
Kn,f py, t, sq, which equals Kn,f˚py, s, tq.
Now we exhibit an inverse pi´1n : CpSn, C0pp0, 1q ˆ p0, 1qqq Ñ AnpBq. Let Kn be an
element of CpSn, C0pp0, 1q ˆ p0, 1qqq representing a convolution operator. Define fKn P
Cpr´1,`1s, C0pSn ˆ p0, 1qq by
fKnpsqpy, tq :“
#
1
ty
Knpy, t´ s, tq for t´ 1 ď s ď t, 0 ă t ă 1
0 otherwise
.
Let τSn : Sn Ñ R` be the first return time and consider the homeomorphism Ψn :
Sn ˆ p0, 1q Ñ XzSn, py, tq ÞÑ φpy, τSnpyqtq. Then the formula
pi´1n pKnqpsq :“
#
pfKnps{τSnqq ˝Ψ´1n on XzSn
0 on Sn
defines an element of CcpR, C0pXzSnqq Ă CcpR, CpXqq. pi´1n is multiplicative and involu-
tive. For y P Sn, 0 ď t ď ty and t´ ty ď s ď t, it gives
pi´1n pKnqpsqpφtpyqq “ fKnps{tyqpΨ´1pφtpyqq “ t´1y Knpy, pt´ sq{ty, t{tyq. (3)
By direct computation one can check that pi´1n pKnq P AnpBq. Moreover, for y P Sn,
s, t P p0, 1q, we have
Kn,pi´1n pKnqpy, s, tq “ typi´1n pKnqptypt´ sqqpφtytpyqq “ tyfKnpt´ sqpΨ´1pφtytpyqqq
“ tyfKnpt´ sqpy, tq “ tyr 1tyKnpy, t´ pt´ sq, tqs “ Knpy, s, tq.
Analogously we have pi´1n ˝ pin “ id, hence, ˚-algebraically, AnpBq » CpSn, C0pp0, 1q ˆ
p0, 1qqq Ă CpSn,KpL2pr0, 1sqq.
Now we see how to extend pin to the desired ˚-isomorphism. Let µ|Sn be an invariant
probability measure for the action of Z on Sn and let λ be the Lebesgue measure on R.
Then µ1 :“ µ|Snˆλ is an invariant measure for X (cfr. [3] pag. 382) and we can normalize
it to a probability measure µ :“ pµ1pXqq´1pµ|Snˆλq onX. As a consequence of minimality,
µ is faithful, in the sense that non-empty open sets have strictly positive measure. This
induces a faithful lower semicontinuous unbounded trace τµ on CpXq ¸ R, given, for
f P CcpR, CpXqq, by f ÞÑ
ş
fp0qdµ, which restricts to a faithful lower semicontinuous
unbounded trace on pCpXq ¸ Rq¸¯x . On the other hand, µ|Sn induces a faithful lower
semicontinuous unbounded trace on CpSn,Kq given by
ş
Tr dµ|Sn “ pµ1pXqq´1pµ|Sn ˆTrq.
9
For Kn P CpSn, C0pp0, 1q ˆ p0, 1qqq positive, we have
τµppi´1n pKnqq “ pµ1pXqq´1
ż
Sn
dµ|Sn
ż ty
0
dt η´1n pKnqp0qpφtpyqq
“ pµ1pXqq´1
ż
Sn
dµ|Sn
ż ty
0
dt t´1y Knpy, t{ty, t{tyq
“ pµ1pXqq´1
ż
Sn
dµ|Sn
ż 1
0
dt1Knpy, t1, t1q “
ż
Tr dµ|SnpKnq
and so pin preserves these traces.
Denote by Hτµ , H
ş
Tr dµ|Sn the GNS-Hilbert spaces and by λτµ : dompτµq Ñ Hτµ ,
λşTr dµ|Sn Ñ HşTr dµ|Sn the canonical linear maps. It follows from ([4] 6.3.6) that λτµpAnpBqq
is dense in Hτµ and λ
ş
Tr dµ|Sn ppinpAnpBqqq is dense in HşTr dµ|Sn . Hence
}pinpfq} “ }pişTr dµ|Sn ppinpfqq} “ sup
ξPλşTr dµ|Sn pCpSn,C0pp0,1qˆp0,1qqqq1
}pişTr dµ|Sn ppinpfqqξ}
“ sup
δPAn, τµpδδ˚q“1
ż
Tr dµ|Snppinpfδqpinpfδq˚q
“ sup
δPAn, τµpδδ˚q“1
τµppfδqpfδq˚q “ }piτµpfq} “ }f}.
It follows that pin extends to a (continuous) ˚-isomorphism AnpBq » CpSn,Kq. l
For every n P N, there is a natural inclusion AnpBq Ă An`1pBq at the level of the
crossed product. In the following we will see how this embedding can be transposed to
an embedding CpSn,Kq Ă CpSn`1,Kq that respects the ˚-isomorphisms pin, pin`1.
For j P Jn`1,n, 1 ď k ď j, denote by τ pkqn`1,n “ τF pkqn`1,j |F p0qn`1,j : F
p0q
n`1,j Ñ R` the k-th
arrive time relative to Φkn|F p0qn`1,j and τn`i “ τSn`i , i “ 0, 1. For k “ 0 we let τ
p0q
n`1,n “ 0.
Let n P N, j P Jn`1,n and 0 ď k ď j. Given an element Kpj,kqn P CpF pkqn`1,j, C0pp0, 1q ˆ
p0, 1qqq, define ιn,n`1pKpj,kqn q P CpF p0qn`1,j, C0pp0, 1q ˆ p0, 1qqq by
ιn,n`1pKpj,kqn qpy, s, tq “
τn`1pyq
τnpΦknpyqqK
pj,kq
n
˜
Φknpyq,
τn`1pyqs´ τ pkqn`1,npyq
τnpΦknpyqq ,
τn`1pyqt´ τ pkqn`1,npyq
τnpΦknpyqq
¸
for
τ
pkq
n`1,npyq
τn`1pyq ď t, s ď
τnpΦknpyqq`τ pkqn`1,npyq
τn`1pyq , y P F
p0q
n`1,j and ιn,n`1pKpj,kqn qpy, s, tq “ 0 otherwise.
Let now Kn P CpSn, C0pp0, 1q ˆ p0, 1qq. This can be written uniquely as Kn “ř
jPJn`1,n
řj
k“0K
pj,kq
n , withK
pj,kq
n P CpF pkqn`1,j, C0pp0, 1qˆp0, 1qqq as above. Define ιn,n`1pKnq P
CpSn`1, C0pp0, 1q ˆ p0, 1qqq by
ιn,n`1pKnq “
ÿ
jPJn`1,n
jÿ
k“0
ιn,n`1pKpj,kqn q.
10
For every n P N consider the embedding in,n`1 : AnpBq Ă An`1pBq given by definition.
We have ιn,n`1 ˝ pin “ pin`1 ˝ in,n`1 : AnpBq Ñ CpSn`1,Kq.
We exhibit now a continuous extension of the embedding ιn,n`1 to an embedding
ιn,n`1 : CpSn,Kq Ñ CpSn`1,Kq. For, let j P Jn`1,n and 0 ď k ď j be given and define the
continuous field of operators U
pj,kq
n,n`1 : F
p0q
n`1,j Ñ BpL2pr0, 1sqq (continuity is intended in the
strict topology of BpL2pr0, 1sq)) given by
pU pj,kqn,n`1pyqξqptq “
$&%
b
τn`1pyq
τnpΦknpyqqξ
ˆ
τn`1pyqt´τ pkqn`1,npyq
τnpΦknpyqq
˙
for
τ
pkq
n`1,npyq
τn`1pyq ď t ď
τnpΦknpyqq`τ pkqn`1,npyq
τn`1pyq ,
0 otherwise .
Then U
pj,kq
n,n`1pyq is an isometry for every y P F p0qn`1,j and its adjoint is given by
ppU pj,kqn,n`1pyqq˚ξqptq “
d
τnpΦknpyqq
τn`1pyq ξ
˜
τnpΦknpyqqt` τ pkqn`1,npyq
τn`1pyq
¸
;
the connecting morphism ιn,n`1 : CpF pkqn`1,j,Kq Ñ CpF p0qn`1,j,Kq Ă CpSn`1,Kq reads, for
f P CpF pkqn`1,j,Kq, y P F p0qn`1,j,
ιn,n`1pfqpyq “ U pj,kqn,n`1pyqfpΦknpyqqpU pj,kqn,n`1pyqq˚.
Hence, writing f P CpSn,Kq as f “ ř fj,k, with fj,k P CpF pkqn`1,j,Kq, we obtain ιn,n`1pfq “ř
ιn,n`1pfj,kq. We note that if y P F p0qn`1,j, the associated isometries U pj,kqn,n`1pyq, i “ 1, ..., k
have pairwise orthogonal ranges. In particular, ιn,n`1 preserves the orthogonality of the
fj,k’s and defines a ˚-homomorphism from CpSn,Kq to CpSn`1,Kq.
Denote pCpXq ¸Rqx¯ “ limnCpSn,Kqq. As a consequence of the above discussion and
of Proposition 3.3 we obtain
Theorem 3.4. There is a ˚-isomorphism pix¯ : pCpXq ¸ Rq¸¯x Ñ pCpXq ¸ Rqx¯.
3.3 The K0-group
This section strongly relies on the results and ideas contained in [8]. Our purpose here
is to obtain an analogue of the exact sequence appearing in Theorem 4.1 of [8] for our
situation.
In the following we will denote ιn “ ιn,n`1 : CpSn,Kq Ñ CpSn`1,Kq. If φ : AÑ B is a
˚-homomorphism between C˚-algebras we let φ˚ : K0pAq Ñ K0pBq be the corresponding
group homomorphism. We fix a Cantor flowbox structure satisfying the hypothesis of the
previous section.
Since K0pCpY qq “ CpY,Zq for every totally disconnected compact space Y , we can
write for f P CpSn,Zq and y P F p0qn`1,j, with j P Jn`1,n and 0 ď k ď j,
ιn,˚pfqpyq “
jÿ
k“0
pfpΦknpyqq “
jÿ
k“0
pΦˆkn,K,˚pfqqpyq,
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where we denote by Φˆn,K P AutpCpSn,Kqq the natural extension to CpSn,Kq of the action
Φˆn on CpSnq. Under the ˚-isomorphism CpSn,Kq » CpSnqbK this is the same as Φˆnb id.
For every n P N we denote Dn :“ CpSn,Kq and fix a ˚-isomorphism CpSn¸ΦnZqbK »
CpXq ¸ R ([7] Corollary 9.1 and Corollary 6.7, [11]). By the Pimsner-Voiculescu exact
sequence, the inclusion αn : CpSnq Ă CpSnq ¸Φn Z gives a surjection at the level of K0-
groups. Hence the same is true for the composition γn : Dn “ CpSn,Kq » CpSnq b K Ă
CpSn ¸Φn Zq bK » CpXq ¸ R for every n P N.
Proposition 3.5. Let n P N and f P CpSn,Zq “ K0pDnq be such that f |Φ´1n pSn`1q “ 0.
Then ιn,˚pfq “ ιn,˚pΦˆn,K,˚pfqq.
Proof. Let j P Jn`1,n and y P F p0qn`1,j Ă Sn`1; denote by y1 “ Φnpyq, y2 “ Φ2npyq, ..., yi “
Φjnpyq the points of Sn where y lands following the positive direction of the flow before
returning to Sn`1, ordered accordingly to the natural order of the real numbers. Then
ιn,˚pfqpyq “ tr
¨˚
˚˝˚ fpyq 00 fpy1q 0
. . .
0 fpyjq
‹˛‹‹‚“ tr
¨˚
˚˝˚ fpyq 00 . . . 0
fpyj´1q
0 0
‹˛‹‹‚.
On the other hand,
ιn,˚pΦˆn,K,˚pfqqpyq “ tr
¨˚
˚˝˚ fpΦ´1n pyqq 00 fpΦ´1n py1qq 0
. . .
0 fpΦ´1n pyjqq
‹˛‹‹‚
“ tr
¨˚
˚˝˚ 0 00 fpyq 0
. . .
0 fpyj´1q
‹˛‹‹‚.
The result follows. l
In virtue of Proposition 3.5, we can define, for every n P N, a map CpΦ´1n pSn`1q,Zq Ñ
K0pDn`1q in the following way. Let f P CpΦ´1n pSn`1,Zqq, extend it to a continuous
function g P CpSn,Zq. Then the map
βn`1pfq “ ιn,˚pgq ´ ιn,˚pΦˆn,K,˚pgqq P K0pDn`1q
is well defined. Indeed, if g1, g2 P CpSn,Zq are two extensions of f , then by Proposition 3.5
ιn,˚pg1q´ ιn,˚pg2q “ ιn,˚pg1´g2q “ ιn,˚pΦˆn,K,˚pg1´g2qq “ ιn,˚pΦˆn,K,˚pg1qq´ ιn,˚pΦˆn,K,˚pg2qq.
Proposition 3.6. For every n P N, there is a sequence
0 Ñ Z ηn`1Ñ CpΦ´1n pSn`1q,Zq βn`1Ñ K0pDn`1q γn`1,˚Ñ K0pCpXq ¸ Rq Ñ 0,
which is exact everywhere, except possibly in CpΦ´1n pSn`1q,Zq, where we have Impηn`1q Ă
kerpβn`1q.
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Proof. The map ηn`1 : Z Ñ CpΦ´1n pSn`1q,Zq sends an integer to the corresponding
constant-valued function on Φ´1n pSn`1q. Hence exactness in Z is clear. It is also clear
that Impηn`1q Ă kerpβn`1q, since when applying βn`1 we can choose constant extensions,
which vanish under βn`1.
We want to prove exactness in K0pDn`1q. For a generic choice of i P Jn`1,n and a point
x P F p0qn`1,i Ă Sn`1, we denote by x1 “ Φnpxq, ..., xi “ Φinpxq its forward orbit in SnzSn`1
and by xi`1 “ Φi`1n pxq its first return to Sn`1. Let g P CpΦ´1n pSn`1q,Zq and extend
it to zero outside Φ´1n pSn`1q; call this extension f . Let j P Jn`1,n, y P F p0qn`1,j Ă Sn`1,
y “ y0, y1 “ Φnpyq, y2 “ Φ2npyq, ..., yj “ Φjnpyq its forward orbit, then y “ Φnpxiq “ xi`1
for some i P Jn`1,n, xi P Φ´1n pSn`1q, with x “ x0 P F p0qn`1,i. Note that Φ´1n`1pyq “ x0 “ x.
We have
pΦˆn`1,K,˚pιn,˚pfqqqpyq “ pιn,˚pfqqpxq “ tr
¨˚
˚˝˚ fpxq 00 fpx1q 0
. . .
0 fpxiq
‹˛‹‹‚
“ tr
¨˚
˚˝˚ 0 00 0 0
. . .
0 fpxiq
‹˛‹‹‚,
while, for the above choice of j,
ιn,˚pΦˆn,K,˚pfqqpyq “ tr
¨˚
˚˝˚ fpΦ´1n pyqq 00 fpΦ´1n py1qq 0
. . .
0 fpΦ´1n pyjqq
‹˛‹‹‚.
Note now that for every 1 ď k ď j, Φ´1n pykq P Φ´1n pSn`1q if and only if yk P Sn`1; then,
since Φ´1n pyq “ xi, we have
ιn,˚pΦˆn,K,˚pfqqpyq “ tr
¨˚
˚˝˚ fpxiq 00 0 0
. . .
0 0
‹˛‹‹‚.
Then we obtain
Φˆn`1,K,˚pιn,˚pfqq “ ιn,˚pΦˆn,K,˚pfqq,
from which it follows that
γn`1,˚ιn,˚pfq “ γn`1,˚Φˆn`1,K,˚ιn,˚pfq “ γn`1,˚ιn,˚Φˆn,K,˚pfq.
proving that Impβn`1q Ă kerpγn`1,˚q. In order to prove the other inclusion, we make use
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of the Pimsner-Voiculescu exact sequence and the commutativity of the diagram
K0pCpSn`1qq K0pCpSn`1qq K0pCpSn`1q ¸Φˆn`1 Zq
K0pCpSn`1q bKq K0pCpSn`1q bKq K0ppCpSn`1q ¸Φˆn`1 Zq bKq,
id˚´Φˆn`1,˚
pidbe1,1q˚ pidbe1,1q˚
αn`1,˚
pidbe1,1q˚
id˚´pΦˆn`1bidq˚ pαn`1bidq˚
(4)
which give kerpγn`1,˚q “ Impid˚´Φˆn`1,K,˚q, where id˚´Φˆn`1,K,˚ : CpSn`1,Zq Ñ CpSn`1,Zq.
Hence we only need to observe that any element in CpSn`1,Zq is the image under ιn,˚
of a Z-valued function on Sn which vanishes outside Φ´1n pSn`1q, since, as just seen,
for such functions we have Φˆn`1,K,˚pιn,˚pfqq “ ιn,˚pΦˆn,K,˚pfqq. In order to see this, let
f P CpSn`1,Zq and consider the homeomorphisms Φin : F p0qn`1,i Ñ Φ´1n pSn`1q, for i P Jn`1,n.
Hence Φ´1n pSn`1q “
Ů
iPJn`1,n Φ
i
,npF p0qn`1,iq. Define the function g P CpSn,Zq given by
g|Φ´1n pSn`1q “
ř
iPJn`1,n χΦinpF p0qn`1,iqpf ˝ pΦ
i
nq´1q and g|SnzΦ´1n pSn`1q “ 0. Then ιn,˚pgq “ f . l
For every n P N let en : CpSnq Ñ CpSn´1q ¸ Z be the embedding given by extension
to zero outside Sn, composed with the canonical embedding CpSn´1q Ă CpSn´1 ¸ Zq.
Lemma 3.7. For every n P N there is a ˚-homomorphism φn : CpSnq¸ΦnZÑ CpSn´1q¸Φn´1
Z such that φnpfq “ enpfq for every f P CpSnq.
Proof. For i “ 0, 1 denote by un´1`i the unitary in CpSn´1`iq ¸ Z implementing the ac-
tion. Consider the Rokhlin towers decomposition Sn “ ŮjPJn`1,n Ůjk“0 F pkqn,j relative to the
inclusion Sn Ă Sn´1. The element vn´1 :“ řiPJn`1,n χΦj`1n´1pF p0qn,j qui`1n´1 is a partial isometry
with support and range projections both equal to χSn . They give the covariance relation
vn´1enpfqvn˚´1 “ enpf ˝ Φ´1n q for f P CpSnq. It follows that the map φn : CcpZ, CpSnqq Ñ
CcpZ, CcpSn´1qq given by φnpřkPZ fkuknq “ řkě0 enpfqvkn´1 `řkă0 fkvk,˚n´1 is an algebraic˚-homomorphism. Abusing notation, we write vn˚´1 “ v´1n´1, in such a way that φn reads
φnpřkPZ fkuknq “ řkPZ enpfqvkn´1. We want to check continuity of φn. Let x P Sn. This
determines a sequence tmpjqujPZ Ă Z given by the condition Φmn´1pxq P Sn if and only if
m P tmpjqu. Consider the associated representation ρx : CpSn´1 ¸ Zq Ñ Bpl2pZqq. Let
ξx P l2pZq. Then
pρxpφnp
ÿ
kPZ
fku
k
nqqξxqpmq “
#ř
kPZpenpfq ˝ Φmn´1qpxqξxpmpj ´ kqq for m “ mpjq,
0 otherwise
“
#ř
kPZpenpf ˝ Φjnqqpxqξxpmpj ´ kqq for m “ mpjq,
0 otherwise .
It follows that φn is continuous. l
Proposition 3.8. For every n P N there is a commutative diagram
0 Ñ Z ηn`1Ñ CpΦ´1n pSn`1q,Zq βn`1Ñ K0pDn`1q γ˜n`1,˚Ñ K0pCpXq ¸ Rq Ñ 0
Ó Ó Ó Ó
0 Ñ Z ηn`2Ñ CpΦ´1n`1pSn`2q,Zq βn`2Ñ K0pDn`2q γ˜n`2,˚Ñ K0pCpXq ¸ Rq Ñ 0
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with exact rows except in CpΦ´1n pSn`1q,Zq and CpΦ´1n`1pSn`2q,Zq.
Proof. We have to define the vertical arrows (see Proposition 3.6) and the modified arrows
γ˜n`i,˚, i “ 1, 2. The map Z Ñ Z is the identity and the map K0pDn`1q Ñ K0pDn`2q is
ιn`1,˚.
For what concerns the second vertical arrow, let f P CpΦ´1n pSn`1q,Zq. We want
to find g P CpΦ´1n`1pSn`2q,Zq such that ιn`1,˚pgq ´ ιn`1,˚pΦˆn`1,K,˚pgqq “ ιn,n`2,˚pfq ´
ιn,n`2,˚pΦˆn,K,˚pfqq, where we are considering f respectively g as functions defined on Sn
respectively Sn`1, after extension to zero outside their domains. Consider the tower
decompositions Sn “ ŮjPJn`1,n T pjqn`1 relative to Sn`1 Ă Sn and Sn`1 “ ŮjPSn`2,n`1 T pjqn`2
relative to Sn`2 Ă Sn`1. Let y P F p0qn`2,i Ă Sn`2 for some i P Jn`2,n`1. Denote by
y0 “ y, y1, ..., yi the points in the forward orbit of y which intersect Sn`1zSn`2 at times
less than the time needed to y in order to return to Sn`2 (yk “ Φkn`1pyq, 0 ď k ď i). In the
same way, every yk belongs to the 0-th floor of a Rokhlin tower of height lpkq associated
to Φn; for every 0 ď k ď i and 0 ď j ď lpkq we denote by yk,j the points in the forward
orbit of yk “ yk,0 which intersect SnzSn`1 before returning to Sn`1 (yk,j “ Φjnyk). Hence
ιn,n`2,˚fpyq “ tr
¨˚
˚˝˚ fpy0,lp0qq 0fpy1,lp1qq
. . .
0 fpyi,lpiqq
‹˛‹‹‚
and
ιn,n`2,˚Φˆn,K,˚fpyq “ tr
¨˚
˚˝˚ fpΦ´1n y0q 0fpy0,lp0qq
. . .
0 fpyi´1,lpi´1qq
‹˛‹‹‚.
Thus
ιn,n`2,˚fpyq ´ ιn,n`2,˚Φˆn,K,˚fpyq “ fpyi,lpiqq ´ fpΦ´1n pyqq.
Keep the above notation. Every point of Φ´1n`1pSn`2q is of the form yi for some y P Sn`2
belonging to the 0-th floor F
p0q
n`2,i of a Rokhlin tower T
piq
n`2. Define g P CpΦ´1n`1pSn`2q,Zq Ă
CpSn`1,Zq as gpyiq “ fpyi,lpiqq. We have
ιn`1,˚gpyq “ tr
¨˚
˚˝˚ gpy0q 0gpy1q
. . .
0 gpyiq
‹˛‹‹‚“ tr
¨˚
˚˝˚ 0 0. . .
0
0 gpyiq
‹˛‹‹‚
“ tr
¨˚
˚˝˚ 0 0. . .
0
0 fpyi,lpiqq
‹˛‹‹‚
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and
ιn`1,˚Φˆn`1,K,˚gpyq “ tr
¨˚
˚˝˚ gpΦ
´1
n`1py0qq 0
gpΦ´1n`1py1qq
. . .
0 gpΦ´1n`1pyiqq
‹˛‹‹‚
“ tr
¨˚
˚˝˚ gpΦ
´1
n`1py0qq 0
0
. . .
0 0
‹˛‹‹‚“ tr
¨˚
˚˝˚ 0 0. . .
0
0 fpΦ´1n py0qq
‹˛‹‹‚
Hence
ιn`1,n`2,˚gpyq ´ ιn`1,n`2,˚Φˆn`1,K,˚gpyq “ fpyi,lpiqq ´ fpΦ´1n pyqq.
We fix a ˚-isomorphism CpXq¸R » pCpS2q¸Φ2ZqbK and then consider K0pCpS2q¸Φ2
Zq in place of K0pCpXq ¸ Rq. The rightmost vertical arrow is id˚ : K0pCpS2q ¸Φ2 Zq Ñ
K0pCpS2q¸Φ2Zq. Let γ˜2,˚ “ α2,˚, where α2 is the canonical embedding CpS2q Ă CpS2q¸Z.
Let γ˜3,˚ :“ e3,˚ (cfr. Lemma 3.7) and for n ą 3, let γ˜n,˚ :“ φ3,˚ ˝ ... ˝ φn´1,˚ ˝ en,˚.
We have to check commutativity on the rightmost square. Let n ě 2 and f P
CpSn`1,Zq; using the Rokhlin tower decompositon relative to Sn`2 Ă Sn`1, we can write
f “ řjPJn`2,n`1 fj, where for every j P Jn`2,n`1, fj “ řjk“0 f pkqj corresponds to the decom-
position of the corresponding tower into j`1 floors. Then, taking classes in K0pCpSnq¸Zq,
for every j we obtain
φn`1,˚en`2,˚ιn`1,˚fj “ φn`1,˚
¨˚
˚˝˚˚ f p0qj 0f p1qj ˝ Φn`1
. . .
0 f
pjq
j ˝ Φjn`1
‹˛‹‹‹‚
“ φn`1,˚
¨˚
˚˝˚˚ f p0qj 0f p1qj
. . .
0 f
pjq
j
‹˛‹‹‹‚“ φn`1,˚pfi,jq “ en`1,˚pfi,jq.
A similar procedure applies to the case n “ 1.
Note that the first raw for n “ 1 is exact in virtue of Proposition 3.6. Hence, in
order to prove exactness for n ą 1, it is enough to show that the vertical maps δn`1 :
CpΦ´1n pSn`1q,Zq Ñ CpΦ´1n`1pSn`2q,Zq and ιn`1,˚ : K0pDn`1q Ñ K0pDn`2q are surjective
for every n. Surjectivity of the map ιn`1,˚ was established in Proposition 3.6. We claim
that δn`1 is surjective as well. Indeed, consider the restriction to Φ´1n`1pSn`2q of the de-
composition Sn`1 “ ŮjPJn`1,n F p0qn`1,j of Sn`1 in 0-th floors of Rokhlin towers relative to the
inclusion Sn`1 Ă Sn: Φ´1n`1pSn`2q “
Ů
jPJn`1,n Fˆ
p0q
n`1,j, with Fˆ
p0q
n`1,j “ F p0qn`1,j X Φ´1n`1pSn`2q.
For j P Jn`1,n and g P CpΦ´1n`1pSn`2q,Zq, we let f |ΦjnpFˆ p0qn`1,jq “ g ˝ Φ
´j
n |ΦjnpFˆ p0qn`1,jq, where
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as usual we identify g with its extension on Sn. Let also f |Φ´1n pSn`1qzŮjPJn`1,n ΦjnpFˆ p0qn,j q “ 0.
Then δn`1pfq “ g and the result follows. l
For every n P N we can define a map tn : Sn`1 Ñ Φ´1n pSn`1q by sending y to Φjnpyq for
y P F p0qn`1,j, with j P Jn`1,n. This was implicitly used to define the maps δn in Proposition
3.8. Note that, for every n P N, Φn ˝ tn “ Φn`1.
Lemma 3.9. For every n, k P N we have
tn ˝ tn`1 ˝ ... ˝ tn`kpΦ´1n`k`1pSn`k`2qq “ Φ´1n pSn`k`2q.
Proof. For every n P N, Φn`1 factors as Φn`1 “ Φn ˝ tn. Hence, for every n, k P N,
Φn`k`1 “ Φn`k ˝ tn`k “ ... “ Φn ˝ tn ˝ ... ˝ tn`k. The result follows. l
Theorem 3.10. Let γ˚ “ limn γ˜n,˚ : K0ppCpXq ¸Rqx¯q Ñ K0pCpXq ¸Rq. Then γ˚ is an
isomorphism of ordered groups.
Proof. In virtue of Proposition 3.8 we always have maps
0 Ñ Z ηÑ lim
n
CpΦ´1n pSn`1q,Zq βÑ K0ppCpXq ¸ Rqx¯q γ˚Ñ K0pCpXq ¸ Rq Ñ 0
with exact rows except possibly at limnCpΦ´1n pSn`1q,Zq. We want to prove that η is
surjective. Denote by δn`1 : CpΦ´1n pSn`1q,Zq Ñ CpΦ´1n`1pSn`2q,Zq the morphism defined
in Proposition 3.8. Let n P N and f P CpΦ´1n pSn`1q,Zq be given; we will see that there
are k P N and m P Z such that δn`k ˝ δn`k´1 ˝ ... ˝ δn`1pfq “ ηn`k`1pmq.
There is an open set U Ă Φ´1n pSn`1q containing the point z “
Ş
mPN Φ
´1
n pSn`m`1q on
which f is constant, fpyq “ m for some m P Z, for every y P U . Let k P N be such that
Φ´1n pSn`k`2q Ă U . It follows from Lemma 3.9 that δn`k`1˝δn`k˝...˝δn`1pfq “ ηn`k`2pmq.
Hence γ˚ is an isomorphism of groups.
The inclusion αn : CpSnq Ă CpSnq ¸Φn Z induces a surjective group homomorphism
at the level of K0-groups, which sends the classes of projections in CpSnqbK surjectively
on the classes of projections in pCpSnq ¸Φn Zq b K. By Proposition 3.8 the same is true
for γ˚. It follows that the map γ˚ : K0ppCpXq¸Rqx¯q Ñ K0pCpXq¸Rq is an isomorphism
of ordered groups, being surjective on the classes of projections and an isomorphism at
the level of groups. The result follows from Elliott classification theorem for AF-algebras
([5]). l
Let n P N and denote by Apnqx¯ the orbit breaking subalgebra in the point x¯ P Sn
associated to the minimal action Φn P AutpCpSnqq ([8]).
Corollary 3.11. For every n P N, pCpXq ¸ Rqx¯ » Apnqx¯ bK.
4 Appendix
This appendix contains basic facts about flows on metric spaces that are used throughout
the paper.
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Lemma 4.1. Let X be a locally compact metric space and φ : R ñ X a flow. Denote
by PcpXq the set of compact subsets of X, endowed with the Hausdorff distance dH . If
t1 ă t2 and Y : rt1, t2s Ñ PcpXq, t ÞÑ Yt is continuous, thenď
tPrt1,t2s
pt, Ytq Ă rt1, t2s ˆX
is closed.
Proof. Let pr, xq P prt1, t2sˆXqzŤtPrt1,t2spt, Ytq. Let d¯ be the metric on rt1, t2sˆX given by
d¯ppt1, x1q, pt2, x2qq “ |t1´t2|`dpx1, x2q. This metric generates the topology of rt1, t2sˆX.
Since Yr is closed, there is  ą 0 such that
inf
yrPYr
dpx, yrq ą  (5)
It follows from the hypothesis that there is {8 ě δptYtuq “ δ ą 0 such that
dHpYs, Ytq ă {8 for every |s´ t| ă δ.
In particular, using compactness of the Yt’s, for every ys P Ys there is y¯t P Yt such that
dpys, y¯tq “ inf
ytPYt
dpys, ytq ď sup
y1sPYs
inf
ytPYt
dpy1s, ytq ď dHpYs, Ytq ă {8 (6)
for every |s´ t| ă δ.
Let δ1ppr, xqq “ δ1 ą 0 be such that
d¯pps, x1q, pr, xqq ă {4 for every |s´ r| ă δ1, x1 P Bδ1pxq.
Let ys P Ys, 0 ă |s´ r| ă mintδ, δ1u and x1 P Bδ1pxq. Let y¯r be given as in (6). Then

p5qă d¯ppr, xq, pr, y¯rqq ď d¯ppr, xq, ps, x1qq ` d¯pps, x1q, ps, ysqq ` d¯pps, ysq, pr, y¯rqq
p6qă {4` d¯pps, x1q, ps, ysqq ` 2p{8q
Hence infBδ1 pxqtd¯pps, x1q, ps, ysqqu ą {2 for every ys P Ys, with |s ´ t| ă mintδ, δ1u and so
there is an open neighborhood of pr, xq that is not contained in ŤtPrt1,t2spt, Ytq, proving
that
Ť
tPrt1,t2spt, Ytq is closed. l
Lemma 4.2. Let X be a locally compact metric space and φ : Rñ X a flow. Let Y Ă X
compact,  ą 0 and f P C0pXq be such that |f ||Y ď . There is δ ą 0 such that |fpxq| ă 2
for every x P φr´δ,`δspY q.
Proof. If the claim does not hold, there are sequences tynu Ă Y and tn Ñ 0 such that
fpφtnpynqq ě 2 for every n P N. By compactness we can replace tynu with a convergent
subsequence yn Ñ y¯ P Y . Then, by continuity of the flow, y¯ “ limφtnpynq and fpy¯q ě 2,
which is a contradiction. l
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Lemma 4.3. Let X be a locally compact metric space and φ : Rñ X a flow. For every
x P X, t P R,  ą 0, there is δ ą 0 such that φspBδpxqq Ă Bpφspxqq for every |s| ď |t|.
Proof. Suppose there is  ą 0 for which the claim does not hold. Then there are sequences
δn Ñ 0, yn P Bδnpxq, sn P r´|t|,`|t|s such that dpφsnpynq, φsnpxqq ě  for every n P N.
Passing to a subsequence we can suppose sn Ñ s¯ P r´|t|,`|t|s. By continuity of the flow
 ď lim dpφsnpynq, φsnpxqq “ dpφs¯pxq, φs¯pxqq “ 0, a contradiction. l
Lemma 4.4. Let X be a locally compact metric space and φ : Rñ X be a flow. Suppose
there are x P X, C Ă X closed, t ě 0 such that C X φr0,tspxq “ H. Then there are
non-empty open sets U containing x and V containing C such that V X φr0,tspUq “ H.
Proof. Suppose this is not the case. Then for every choice of U containing x and V
containing C there is 0 ď s ď t such that φspUq X V ‰ H. In particular, we can take se-
quences of open sets Un Ă B1{npxq around x, VnpCq with XnPNVnpCq “ C and tsnu Ă r0, ts
such that φsnpUnq X Vn ‰ H for every n P N. Hence Un X φ´snpVnq ‰ H for every n P N,
XnpUn X φ´snpVnqq “ txu; thus φsnpxq P Vn for every n P N. Passing to a subsequence we
find s P r0, ts such that φspxq P C, a contradiction. l
Lemma 4.5. Let X be a locally compact metric space and φ : Rñ X a free flow. Suppose
there is a flowbox B with non-empty interior admitting a central slice C which is a Cantor
space and let C 1 Ă C XB˝ clopen. Then there is r ą 0 such that φpC 1ˆp´r,`rqq is open
in X.
Proof. Note that if φpC 1 ˆ p´r,`rqq is contained in B˝, then it is open in X, being the
image of an open set under the map φ. Hence it is enough to show that there is r ą 0
such that φpC 1 ˆ p´r,`rqq Ă B˝. Suppose this is not the case. Then there are sequences
tynu Ă C 1 and rn Ñ 0 such that φpyn, rnq R B˝ for every n P N. By compactness of C 1 we
can suppose that yn Ñ y¯ P C 1. Hence φpyn, rnq Ñ φpy¯, 0q P C 1 Ă B˝, contradicting the
fact that φpyn, rnq R B˝ for every n P N. l
5 Acknowledgments
This work is supported by the grant ”Horizon 2020 - Quantum algebraic structures and
models”, CUP: E52I15000700002 and by INdAM. It is part of the project ”Interaction of
Operator Algebras with Quantum Physics and Noncommutative Structure”, supported
by the grant ”Beyond Borders”, CUP: E84I19002200005.
References
[1] A. C. Bartels, W. Lu¨ck and H. Reich, Equivariant covers for hyperbolic groups, Geom.
Topol. 12 (2008), no. 3, 1799–1882.
[2] R. Bowen and P. Walters, Expansive one-parameter flows, J. Differential Equations
12 (1972), no. 1, 180–193.
19
[3] N. Chernov, Invariant measures for hyperbolic dynamical systems, vol. 1A, North-
Holland, Amsterdam, 2002.
[4] J. Dixmier, C˚-algebras, translated from the French by Francis Jellett ed., North-
Holland Mathematical Library, vol. 15, North-Holland Publishing Co., Amsterdam-
New York-Oxford, 1977.
[5] G. A. Elliott, On the classification of inductive limits of sequences of semi-simple
finite dimensional algebras, J. Algebra 38 (1976), 29–44.
[6] T. Giordano, D. Kerr, N. C. Phillips and A. Toms, Crossed products of C˚- algebras,
topological dynamics, and classification, Advanced Courses in Mathematics - CRM
Barcelona, no. 1, Birkha¨user Basel, 2018.
[7] I. Hirshberg, G. Szabo´, W. Winter and J. Wu, Rokhlin dimension for flows, Comm.
Math. Phys. 353 (2017), no. 1, 253–316.
[8] I. F. Putnam, The C˚-algebras associated with minimal homeomorphisms of the Can-
tor set, Pacific J. Math. 136 (1989), no. 4, 329–353.
[9] Q. Lin and N. C. Phillips, Ordered K-theory for C˚-algebras of minimal homeo-
morphisms, in ”Operator algebras and operator theory” (Shanghai, 1997), 289–314,
Contemp. Math., vol. 228, Amer. Math. Soc., Providence, RI, 1998.
[10] H. Lin and N. C. Phillips, Crossed products by minimal homemorphisms, J. Reine
Angew. Math. 2010 (2010), no. 641, 95–122.
[11] M. A. Rieffel, Applications of strong Morita equivalence to transformation group C˚-
algebras, in ”Operator Algebras and Applications, Part I” (Kingston, Ont., 1980) pp.
299–310, Proc. Sympos. Pure Math., vo.. 38, Amer. Math. Soc., Providence, R.I.,
1982.
[12] A. S. Toms and W. Winter, Minimal dynamics and the classification of C˚-algebras,
Proc. Nat. Acad. Sci. USA 106 (2009), no. 40, 16942–16943.
20
